The ferroelectric domain structures of epitaxial BiFeO 3 thin films on miscut substrates were studied using a phase-field model. The effects of substrate vicinality towards ð100Þ are considered by assuming charge-compensated surface and film/substrate interface. The predicted domain structures show remarkable agreement with existing experimental observations, including domain wall orientations and local topological domain configurations. The roles of elastic, electric, and gradient energies on the domain structures were analyzed. It is shown that the substrate strain anisotropy due to the miscut largely determines the domain variant selection and domain configurations. Recently, there has been considerable interest in BiFeO 3 because of its coupled antiferromagnetic and ferroelectric order parameters, 1,2 high spontaneous polarization ($100 lC/cm 2 ), 1-4 and high Curie temperature (T c ¼ 850 C), which make BiFeO 3 an attractive candidate for nanoelectronic applications. 5 BiFeO 3 has a rhombohedral perovskite structure with polarization along the h111i c pseudocubic directions, leading to four ferroelastic variants and eight ferroelectric variants. Using the notation by Streiffer et al., 6 we call the polarization variants r Domain wall orientations and domain structure strongly influence the ferroelectric properties of BiFeO 3 thin films. Domain walls can act as pinning sites that reduce remnant polarization, 7 while domain structure plays a role in ferroelectric fatigue. For instance, it has been shown that thin films consisting of only two polarization variants separated by 71 appear to have longer lifetimes than BiFeO 3 thin films with four variants. 7, 8 Previous experimental work shows that substrate vicinality can influence the polarization symmetry; by depositing BiFeO 3 on a SrTiO 3 substrate miscut towards (100) c , the number of preferred ferroelectric variants may be reduced from eight to two. [8] [9] [10] [11] [12] The domain structure changes from a mosaic pattern, consisting of mixed {101} c and {100} c domain walls, to a striped pattern with predominantly {101} c -oriented walls. It has been suggested that the growth kinetics and substrate step morphologies may cause the reduced symmetry and variant selection. 8, 12 However, the substrate miscut will also introduce anisotropy to the strain in a (001)-oriented BiFeO 3 film imposed by a (001)-oriented cubic substrate, which is otherwise isotropic. Therefore, we employ a phase-field method to explore the possibility that substrate strain anisotropy alone is sufficient to produce the observed domain variant selection.
We introduce two rectangular coordinate systems: a global system, with orthogonal axes x 
where F is the total free energy and L is a kinetic coefficient related to domain wall mobility. The free energy F is the sum of the Landau, gradient, elastic, and electrostatic energies. It should be noted that when we consider the elastic effect, we assume the film is coherent with the substrate, with misfit strains in the x 0 1 -x 0 2 plane of the film. The mathematical expressions for the Landau, elastic, electric, and gradient energies are described in Refs. [13] [14] [15] [16] , and the corresponding coefficients are listed in Ref. 21 , as found in the literature. 17, 18 We consider a substrate miscut towards ½100 c . The transformation matrix corresponds to a counterclockwise rotation about the x 0 2 axis,
where h is the degree of rotation from the [001] c axis. We use a semi-implicit Fourier spectral method to solve Eq. (1). 14, 15, 19 We use a simulation size of 128Dx Â 128Dx Â 32Dx under periodic boundary conditions, with film and substrate thicknesses of both 14Dx. The grid spacing Dx is related to the real value of the grid size through the domain wall energy: we choose Dx ¼ 
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We start the simulation with small random polarization values. We set the initial P 3 to be positive, since existing experimental observations show that the direction of the P 3 polarization component for all variants are all out-of-plane due to a small built-in voltage resulting from the difference between the film surface and the film/substrate interface. We employ short-circuit electric boundary conditions on both film surfaces.
We compare an (001) 8, 20 the (001) c -oriented film has all four ferroelastic variants present, while the miscut film has broken polarization symmetry, i.e., preferring only two ferroelastic variants, r 1 and r 4 , as shown in Fig. (1) . The polarizations within these two variants are related by 71 and they form striped domain patterns with domain walls along (101) c . The (001) c -oriented film contains all four ferroelastic variants in a mosaic pattern, with a mixture of 71 and 109
domain walls in the expected {101} c and {100} c domain wall orientations. 6 It should be noted that the only difference between the simulation conditions for the (001) c -oriented film and the miscut film is the direction of the biaxial strain with respect to the film. It has been previously suggested that the formation of two variant domain structures might be due to the presence of surface ledges during film growth. The present simulation results demonstrate an alternative mechanism for the formation of two-variant domain structures in a miscut thin film.
To better understand the mechanism for the polarization variant selection, we analyzed the effect of various energetic contributions by deliberately eliminating one or more of them, i.e., we conducted phase-field simulations of domain structure formation in a BiFeO 3 film grown on a miscut substrate by excluding either the electric energy or the elastic energy, or both. As expected, we found that when both elastic and electric energy are excluded, all polarization domains are degenerate, i.e., all ferroelastic variants are equally favored [ Fig. 2(d) ]. This follows from the fact that the Landau and gradient energies are degenerate and isotropic for all ferroelectric variants and do not vary with film orientation. Likewise, including the electric energy alone has a little effect on the variant degeneracy [ Fig. 2(b) ]. It is noted that excluding the elastic energy contribution leads to vertical domain walls, which minimizes the domain wall energy relative to tilted domain walls, which are typically due to elastic strain energy minimization [Figs. 2(b) and 2(d) ].
When elastic energy is included, the substrate miscut has a marked effect on the polarization variant selection. The film retains the experimentally-observed r 1 and r 4 striped domain pattern, as seen in Fig. 2(a) . Excluding just the electrostatic interactions has a little effect on the two-variant striped domain patterns [ Fig. 2(c) ].
The elastic strain energy effect can be understood by examining the local strains, imposed from the global strains under the standard second-rank tensor transformation, e ¼ ae 0 a À1 . The relevant term here is the shear strain along the miscut direction, e 13 ¼ ðÀe
Þcos h sin h, which indicates that the global strains contribute to a non-zero local e 13 . This e 13 term is negative for compressive global in-plane strains and positive for tensile strains. Thus, under sufficiently large e 0 11 , two polarization variants will be favored to relax the elastic energy: r 1 and r 4 for compressive strains or r 2 and r 3 for tensile strains (Fig. 3) .
To test this, we examined the effect of varying strains on the miscut film, once again including all the energy terms. The results, presented in Figure 4 , support this hypothesis, with compressive strains favoring the out-of-plane variants and tensile strains favoring the in-plane variants.
In conclusion, we use a Ginzburg-Landau-Devonshire phase-field model to describe the evolution of ferroelectric and ferroelastic domain structures BiFeO 3 thin films. We find that the domain structures of BiFeO 3 thin films are strongly dependent on the combination of orientation and strain. Furthermore, a small degree of miscut is sufficient to cause a degeneracy of favored ferroelectric variants for strong-strain substrates such as SrTiO 3 , due to the elastic effects from the substrate mismatch. Due to the importance of strain in breaking polarization symmetry in miscut films, we expect that the degree of miscut needed to produce domain non-degeneracy will depend strongly on the magnitude of the misfit strain.
, a 11 = 6.50Â 10 
